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Abstract 

We study the identity projectors of the string field theory in the 
generic BCFT background. We explain how it can be identified as the 
projector in the linking algebra of the noncommutative geometry. We 
show that their (regularized) trace is exactly given by the boundary 
entropy which is proportional to the D-brane tension. 
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In the previous letter we argued that there are two types of the 
projectors for each of the Cardy state [0] in the cubic open string field theory 
in the generic BCFT background. One is the sliver state discussed in 
many articles recently 0, ^ ||, 0, |], |10| in the context of the vacuum 



string field theory. It is conjectured to describe the D-brane in the sense 
that it reproduces the D-brane tension in the level truncation or the 
renormalization group flow [|l^ methods. 

In this letter, however, we study the other projector which is the gener- 
alization of the identity operator. We are interested in this operator since it 



is interpreted as the nontrivial projector in the linking algebra [0, |T2| which 
appear in the general framework of the noncommutative geometry [13, 14 . 
In short, the linking algebra is a huge algebra of the open string fields with 
the star multiplication which link any pair of all D-branes which is possible 
from the bulk CFT. The detail will be explained in the text. 

The identity operator also has a benefit that some exact calculations are 
possible for the topological invariants in the sense of the operator algebra 
K-theory ||1^, |T6|, |1^, 0. In particular the first nontrivial example, the trace 
of the projector, is exactly given as the boundary entropy [|l9l (see eq. ([T8|) ). 



This quantity was identified with the D-brane tension in ||20|. It also appeared 



in the context of the boundary string field theory [^T], ^ . It gives an explicit 



and analytic proof of the conjecture in [0 that the trace of the projector is 
proportional to the brane tension. In this sense, the identity projector is at 
least an equally legitimate candidate which represents the D-brane as the 
sliver projector. 

As explained in the previous letter ||l|, our goal is to extend Witten's 
conjecture p3| , that the D-brane charge is classified by the K-theory to 
the operator theory of the conformal field theory. We hope that the result 
in this letter is a relevant step toward that direction. 

We start from reviewing some of the essential features of the noncommu- 



tative soliton in rather abstract language for the application to the string 
field theory algebra. In the noncommutative geometry, the commutative ring 
of the continuous functions over some topological space X is replaced by the 
noncommutative C*-algebra A. The simplest example is the Moyal plane 
where A is given by the set of the bounded linear operators acting on the 
Hilbert space of the harmonic oscillators i3(7i). The noncommutative soliton 
is defined as the projector in this algebra, 

p E A, = p, p* = p. (1) 
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For the Moyal plane, the rank of the projector is interpreted as the sohton 
number, 

t{p) = TrnP = ne Z>o (2) 



For the apphcation to the D-brane p6[, t{p) is identified with the number of 
D-branes created after the tachyon condensation . However, for the more 
general noncommutative space, the trace is not always quantized and may 
take a continuous spectrum. This is, actually, the major difference between 
the topological and the operator theoretical K-group. For example, in the 
noncommutative torus with the irrational noncommutative parameter 6, the 



spectrum becomes dense between and 1 with the following form [28, 12 



t{p) = n + m9, m G Z, (3) 

and it represents the composite system of n D2 and m DO branes. 

In the application to the string theory, this type of the projector is used 
to describe the lower dimensional D-brane charges which appear after the 



tachyon condensation |2^ of the original D-brane described by the algebra 
A. In the following, we argue that there are another type of the projectors 
which appears naturally in the open string field theory. 

In general the open string may attach its two ends on the different D- 
branes which have the different type of the noncommutative geometries. To 
describe such a situation, we need to consider the two D-branes (or the two 
C*-algebras) as a whole. For that purpose, it is essential to introduce the 



notion of the Morita equivalence bimodule |T3|, |I4|, ^ . Two noncommutative 
geometries described by algebras A, B is called Morita equivalent if there 
exists a bimodule "^X^ where A (resp. B) acts from the left (right) on -^X^ . 
In the string theory, this bimodule is identified with the open string that 
interpolates the different D-branes. In this bimodule we need to have A- 
{B-) valued inner product (, )^ ((, )e) on -^X^ . They need to satisfy, 

{ax,y)_A = a{x,y)_A, ix,ay)j( = {x,y)Aa 

{.x,yb)B = ix,y)Bb, {xb,y)B = b{x,y)B 

{x,y)AZ = x{y,z)ts (4) 

where x,y,z E "^X^ and a E A, b E B. The string interpretation of these in- 
ner products is the star product of the string fields between the interpolating 
strings. We illustrate it in the Figure 1. The equations (^ are naturally inter- 
preted as the associativity of the star product. We note that these abstract 
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Figure 1: String interpretation of inner product of the bimodule 
relations are also practically important to construct the noncommutative 



soliton H, ig. 

With the help of the Morita bimodule, one may define a new C*-algebra 
C (which is called the linking algebra |rT|), 

C = ||^^ "1^^ aeA, beB, x,ye ^X^j . (5) 

The bar in y is the involution which turns the element of A-B bimodule into 
the B-A bimodule. This algebra can be interpreted as the open string system 
in the presence of two D-branes specified by A, B . In this composite 
system, we may define two obvious projectors as, 

P-fV I). "V (6) 



which satisfies pCp = A, qCq = B and p + q = Iq- In this sense, p and q may 
be interpreted as the projectors to the algebras A and B. They project into 
the single D-brane algebras from the composite system. 

As mentioned before, these projectors are slightly different from those 
appearing in the noncommutative soliton Firstly the projectors in 
define the projections from the composite system of two D-branes but not 
from a single D-brane. Secondly, while the rank of the projector in (|I|) is 
usually finite, that of may be infinite since it represents the rank of the 
whole algebra A (or B). 

One may straightforwardly extend the notion of the linking algebra to 
the open string system with N D-branes. In this case, the linking algebra C 
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is described by by matrix and we have projectors which generahzes 
p and q. 

Let us proceed to apply this abstract idea to the more concrete setup of 
the BCFT. As we briefly reviewed in our previous letter^, the general strategy 
of the construction of the D-brane (the Cardy state) is as follows. Starting 
from the bulk CFT that defines the closed string, we have the algebraic data 
I which represents the set of the chiral primary fields <pi{z) {i El). For each 
of the chiral primary fields, there exists a closed string state (the Ishibashi 
state [^) These states themselves, however, do not define the consistent 



boundary in the open string sector. For that purpose, we need to take their 
linear combination, 

|a) = E^|j)) (7) 

such that it reproduces the integer number of the chiral primary field in the 
open string channel as (after the modular transformation), 

i 

with q = e^'^" and q = e"^'^*/'^. The constraint is that the coefficients. 



5* 



' = T.i^im^- (9) 



should be non-negative integers. 

We suppose that the set of the Cardy state is labeled by a G V. In the 
rational conformal field theory, the set V is the finite set but in general we 
have the infinite number of the consistent boundary states. The boundary 
field °\E'^^(x) which represents the open string has four labels, a,b E V for the 
two boundaries, z G X for the chiral primary field and finally /? = 1, ■ ■ ■ , riiJ^ 
for each channel. We write the highest weight state associated with this field 
as \a,b] i; (3>. 

In our previous letter we proposed the string field theory algebra from 
these data. It is actually the linking algebra C defined as follows. Suppose 
we start from the D-brane system of A^a D-branes of type a. The size of the 
linking algebra becomes N x N with A^ = J2a£V ^a- We label it by a pair of 
indices ((a, 4), (6, h)) with la = 1, K or by (A, B) A, B = 1, N ii 

2 We use the notation of for the BCFT in this letter. 
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we want to abbreviate it. The label la are Chan-Paton index. The operators 
in {A, B)th entry belongs to the set of the states of the form, 



(10) 



We denote the set of the Hilbert space as Ha,b = '^{a,ia){b,ib)- The star 
product in the string field theory is defined as the mapping, 



'Hab ® 'Hbc 'Hac 

\v> ®\w >^ \v -kw>= bpz((V3| 1^; > ^\w>) 



where (V3I is the Witten's 3 string vertex operator and bpz is the BPZ con- 
jugation. In [|T| we argued that this algebra is in principle computed by the 
knowledge of the OPE of the boundary fields. 



cp 



b a 



113 t 



J 01 02 



^12 



(12) 

and the conformal Ward identities derived in for the three string vertex. 
This linking algebra can be decomposed into the diagonal pieces Ti-AA which 
give the algebra on the D-brane a and the off-diagonal pieces Ti-As which 
define the Morita bimodule. As long as the label A has of the form (a, la) 
with the same a, the diagonal algebra Haa are isomorphic with each other 
and we write it as A"'. 

One of the critical step here is to observe that the C*-algebra A"^ is unital 
for any Cardy state \a). This fact was implicitly written in and explicitly 
stated in [|l|. The identity operator X*^ (a G V) was defined through the 
identity chiral field in each a-a sector and the global conformal transformation 



w 



1 + iz 
1 — iz 



(13) 



Explicitly an elegant expression was found in |33 

(nexp|-^7'" 

\ra=2 



X'^ 



2n-l 



^-2|a,a;0> 



. . . e-2^-22 a; > . 



(14) 



From this operator, one may define the the analogue of p and q in (|^). We 
use the similar symbol X"^ as the projector where the identity operator X° is 
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located at AA-th entry {A is of the form (a, la)) and zero elsewhere. They 
satisfy 



N 



^ = Ic, * = ^abX"", * C ^ ~ ^^ (15) 



A=l 

or 

rA 



T''i.\B,C>= 5ab\B,C>, \B,C> i.!"^ = 6ca\B,C> (16) 

for any \B, C>G Ti^c embedded into the SCth entry. As we discuss in the 
definition of the linking algebra, we would like to interpret this projector as 
characterizing each D-brane. 

In the following, we would like to calculate the trace of I"". Usually it has 
been argued that trace diverges and such kind of the calculation is meaning- 
less. There is, however, a systematic method to regularize the infinity and we 
conjecture that the finite outcome will have the meaningful interpretation. 

Since 1°" is the identity element in the algebra A"", we first evaluate the 
number of the generators of A"" which is identified with the number of states 
|7iaa|- (For the simplicity we omit Chan-Paton indices and replace the index 
A, B,- ■ - hj Cardy state index a,b,- ■ ■.) As in the calculation of the character, 
we regularize the counting of the states by introducing -^j^j-^ g _ 

g-27ri/T g^^^ ts.he the q ^ 1 (t ^ ioo) limit later. 

iHaal = limTr^,,g^«-^/24 = lim^n,,'^X.(g) 

= lim(a|g^(^"+-^''V) 

= Kvac|a)|2, (17) 

with q = e^'^*'^. Here Xiil) is the character for the chiral primary field (pi and 
(vac I is the closed string vacuum state. In passing from the first to the second 
line, we used eq.(^. The final answer becomes finite! Indeed this type of the 
calculation is typical in the BCFT, for example, in the norm calculation of 
the Ishibashi state (see for example pl[] ). 



We have to be careful not to confuse this quantity as the trace of X". In 
the finite N x N matrix case, the number of the generators of the algebra 
is A^^ but the trace of the identity operator is N. While it may be naive to 
apply it to the infinite A^ case, we have to use this analogy to conclude the 
trace formula for X", 

ril") = (vac|a). (18) 
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As we mentioned at the beginning of this letter, this quantity is called the 
boundary entropy |jT9| and gives the tension of the D-brane pO|, ^ We 



think that this result is quite satisfactory and one may safely conjecture that 
the identity projector is a candidate to represent the D-brane in the open 
string field theory. 

More generally the projection p to the composite system of D-branes 
of the type a has the trace, 

rip) = J2 ^^i^^^^l^) (19) 

which may be regarded as the generalization of the formula for the quantum 
torus d^). The integrability of the D-branes appear in the coefficients but 
t{p) as a whole is not necessarily the multiple of the integer. 
To conclude this letter, we would like to give some comments. 

1. We summarize the reason why we believe that the rank infinite pro- 
jector is more natural than the rank finite ones. Suppose we have a 
projector p which describes a D-brane system. It gives a subalgebra of 
the original open string field theory algebra C in the form A = pCp. If 
p is the rank finite projector, A is isomorphic to the finite size matrix 
algebra and should be identified as the group of the Chan-Paton fac- 
tor. On the other hand, if we use our infinite rank projector, A is the 
subalgebra of C generated by infinite number of the open strings whose 
two ends are attached to the given D-brane we would like to pick up. 
We think that the rank finite algebra is too simple to be identified as 
the algebra generated by the open string fields. 

2. We have pointed out that there are some differences between the con- 
ventional noncommutative soliton and the projectors in the linking al- 
gebra. This difference, however, should be superficial. If the D-brane 
in the higher dimension can be decomposed into the collection of the 
lower dimensional D-branes, it simply implies that the Cardy state 
associated with the higher dimensional brane is reducible and can be 
decomposed into the sum of the irreducible ones, 

\a) = \ai) + \a2) + ■ ■ ■ . (20) 

In such a situation, the C*-algebra of the higher dimensional D-brane is 
actually considered as the linking algebra of the lower dimensional D- 
branes and the projectors of the both approaches become the identical. 
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It is of some interest to check that such a decomposition is possible 
in the tachyon condensation of the noncommutative D-branes p6[. A 
plausible answer is that the algebra of the open string fields of D (p+2)- 
brane can be factorized as C = B(H) ® A where A is the algebra of D 
p-brane. If this guess is true, the rank finite projector p in H should 



be mapped to the rank infinite projector of the string fields as p ® 1^. 



3. From the viewpoint of the noncommutative geometry, the quantity 
is the simplest geometrical invariant made from the projector. The gen- 
eral invariants are constructed by pairing with the cyclic cohomology 
element 

Tnil",---,!"). (21) 

We would like to know how the notion of the cyclic cocycle can be ex- 
tended to the string field theory algebra. In the case of the commutative 
situation, such invariants are expressed by using the differentiation of 
the projector. In the operator language, we need to use the operator 
product expansion (|1^) to express such operation. It seems to us an 
essential step to seek such a possibility to explore the K-group of the 
string field theory algebra and the D-brane charge [p3 . 
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